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The Moyal product is used to cast the equation for the mètric of a non-hermitian Hamiltonian in 
the form of a differential equation. For Hamiltonians of the form p 2 + V(ix) with V polynomial this 
is an exact equation. Solving this equation in perturbation theory recovers known results. Explicit 
criteria for the hermiticity and positive definiteness of the mètric are formulated on the functional 
level. 
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^3 1 !• INTRODUCTION 

çvq ' The recent interest in PT-symmetric quantum mechanics 0, has revitalized the old question 0- d Q of the 
existence of a mètric and associated inner product for which a Standard quantum mechanical interpretation is possible, 
even though the Hamiltonian may be non-hermitian with respect to the given inner product. Here we address this 
issue with technology borrowed from non-commutative quantum mechanics. The advantage of this approach is that 
the operator equation that must be solved can often be cast in the form of a differential equation without making any 
approximations. Generically this equation may be of infinite order, but in many cases of physical interest it turns out 
to be finite. This equation contains all the information required to construct the mètric operator exactly. In addition 
' criteria can be formulated to test the hermiticity and positive definitness of the mètric directly on the level of this 
7-H , equation, leading to considerable simplification. On this level the non-uniqueness of the mètric is rcflected in the 
choice of boundary conditions. On the other hand it is known 3] that the mètric is uniquely determined (up to an 
irrelevant normalization factor) once a complete set of irreducible observables has been specified which is hermitian 
ç~| with respect to the inner product associated with the mètric. This suggests an interplay between boundary conditions 
Qh| in phase space and the choice of physical observables. 

d ' II. A MOYAL PRODUCT PRIMER 

s : 

• • , A. Finite dimensional Hilbert space 

> ■ 

•i— I . _ 

Although the Moyal product is a well established tool [6|, recently revived in the context of non-commutative 
systems (see e.g. 0), we review the construction briefly in order to adapt it to our specific application. We start by 
considering the construction of an irreducible unitary representation of the Heisenberg-Weyl àlgebra 

gh = é*hg; = g~\ = h' 1 (1) 

on a finite dimensional Hilbert space with dimension N. Clearly, such a representation can only exist for non-trivial 
<fi if tr gh = 0. The implication of this is clear when we compute the trace explicitly. Since g is unitary, 

g\a) = e ia \a), ae R; {a'\a) = 8 a , >a . (2) 

From it follows that 

gh\a) = e l(Q+< %|a), (3) 
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so that h ladders between the eigenvalues of g. We conclude that the eigenvalues and eigenstates of g are of the form 

\a + n(f)) = h n \a ) = |n), (4) 
g\a + n^) = e l{a ° +n ^\a + n<j>), 

with ao an arbitrary constant (set to zero without loss of generality). If the representation is to be irreducible, all N 
orthogonal eigenstates of g can be reached through such a laddering process. 
It is now simple to compute tr gh = 0. The result is 



n=0 



x 2 _ e iN4, 



n) = n) 



which vanishes only when cj> = with m integer. This limits the allowed vàlues of <p. Note from Q that g 1 
h N \n) — \n), Vn, implying g N = h N = 1. The operators g n and h m are therefore only independent when n,m < N . 
Motivated by this, we choose 4> = as with this choice the operators U (n, m) = g n h m , with n — 0, 1, ... N — 1 
and m = 0, 1, . . . N — 1, form a basis in the space of operators (matrices) on the Hilbert space. To show the linear 
independence and completeness of this basis we introduce the Standard inner product on the space of operators 

(A, B) — tr A^B. (6) 

It immediately follows from ffl that (U(n' ,m'),U(n,m)) = NS n > ín Sm',m, implying that these operators are linearly 
independent. As there are iV 2 such complex linearly independent operators, it follows on simple dimensional grounds 
that they provide a basis. 

The conditions above are necessary for the existence of a representation of (JIJ, but we have not yet demonstrated 
that such a representation actually exists. This follows from explicit construction. It is easy to verify that the following 
matrices satisfy all the conditions above 

gn,m — 6 N On.m 

(7) 

As the operators U(n,m) = g n h m form a basis, any operator A can be expanded in the form 

JV-l 

A= a n , m g n h m , a n , m = (U{n,m),A)/N. (8) 

ro, m— 

Consider the multiplication of two operators A and B 

JV-l N-l 

AB= E a n , m b n ,, m ,e- mn '*g n + n 'h m+m ' . (9) 

n,m— n' ,m'—0 

Apart from the phase e _mm ^ this looks like the multiplication of two sums in which g and h are treated as ordinary 
complex numbers. One may therefore take the point of view that g and h are to be treated as complex numbers, but 
then the product rule must be modified to ensure equivalence with JÏÏJ. Making the following substitutions 

g -> e ía h^e i0 ,a,0€ [0, 2tt) (10) 

in the expansion JSJl, turns A into a function A(a,f3), uniquely determined by the operator A 

JV-l 

A= a n , m e ma e m0 . (11) 

n,m— 

To establish an isomorphism with the product © we define the Moyal product of functions A(a, (3) and B(a, (3) 



A(a,/3)*B(a,/3) = A(a, ^e'^^-Bfa, (3) , (12) 

where the notation d and d denotes that the derivatives act to the left and right, respectively. On this level operators 
are replaced by functions, as described by GH , while the non-commutative nature of the operators is captured by the 
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Moyal product. It is easily checked that the Moyal product is associative, as one would expect from the associativity 
of the corresponding operator product. Once the function A(a,(3) is given, the coefficients a n m are computed from 
a simple Fourier transform. Insertion of these coefRcients in enables the reconstruction of the operator. On a 
technical point, if one wants to preserve the feature g N = h = 1, the vàlues of a and (3 should actually be restricted 
to 2rmr/N with m integer. It is, however, simple to take this into account by simply evaluating the function A{a,(3) 
only at these vàlues after all computations have been performed. 

Finally, we derive the relation between the functions A^(a, /3) and A(a, (3) corresponding to the hermitian conjugate 
operator A^ and the operator A, respectively. Introducing the convention a/v+n,iv+m = a n ,m, one easily finds from 
(JSJ) that the expansion of A^ reads 

N-l 

E <™9 n h m , al m =a*_ n> _ m e- imn *. (13) 

n,m- 

On the level of the functions A'(a, (3) and A(a, (3) this implies the relation 

N-l N-l 
A\a,{3)= E a i, m z ma z lmfi = E a*_ n - m e~ mn ' i 'e ma e ml3 = e l·4 ' d ^A*{a,(3). (14) 

n,m— n,m=0 

An operator is then hermitian if and only if 

A*(a,/3) = e-^ 9 ° a M(a,/3). (15) 



B. Quantum mechanics 



Here we generalize the results of the previous section to the case of an infinite dimensional quantum system. We 
consider for simplicity the case of one particle in one dimension as the generalization to many partides and higher 
dimensions is obvious. 

In this case a well known irreducible unitary representation of the Heisenberg-Weyl àlgebra exists 9] 

itp isx ihts Asx itp í-ic\ 

e F e = e e e F , (lo) 

where x and p are the hermitian position and momentum operators satisfying canonical commutation relations. 
Introducing the notation U(t, s) = e ltp é lsx and the inner product JüJ), one easily verifies 

(U(t', s'), U(t, s)) = ^S(s - s')S(t - t') , (17) 

which implies as before that these operators are linear ly independent. As before these operators constitute a complete 
set and any operator can be expanded as 

f°° - - D 

A(x,p) = / dsdt a(t, s)e ltp e lsx , a(t, s) = —(U(t, s), A) . (18) 

Note that this expansion reflects the fact that any operator can, due to the irreducibility of the set x and p, be written 
as a function of x and p. Forming the product of two operators A{x,p) and B(x,p) one has 

/>oo 

A{x,p)B(x,p) = / dsdtds'dt' a(t, s)b(t', s ') e ~ lhst ' e l(t+t ' )p e l{s+s ' )S: . (19) 



Apart from the phase e~ thst this product looks, as before, like the product of two integrals in which x and p are 
treated as real numbers. Taking this point of view we can, as before, replace x and p by real numbers which turns 
A(x,p) into a function A(x,p), uniquely determined by A 

/oo 
dsdt a(t, s)e ltp e lsx . (20) 
-oo 

To maintain the isomorphism with the product l|19|) we have to introduce the Moyal product of these functions 

A(x,p) * B(x,p) = A(x,p)e ihd ^ d "B(x,p) . (21) 
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On this level we again work with functions, rather than operators, while the non-commutativity of the operators 
is captured by the Moyal product. As before associativity is easily verified. Once the function A(x,p) has been 
determined, the function a(t, s) is determined from a Fourier transform. Insertion into the expansion H18|l recovers 
the operator A(x,p). 

Finally, we derive the relation between the functions A^(x,p) and A(x,p) corresponding to the hermitian conjugate 
operator A'(x,p) and the operator A{x,p), respectively From l|18|l we easily find that the expansion of A'(x,p) reads 



A\ Xl p) = / dsdta f (t, s)é^e is& , c?(t, s) = o*(-t, -s)e- iHts . (22) 

J — OO 

On the level of the functions A'(x,p) and A(x,p) this implies the relation 

/OC p oc 

dsdta){t, s y tp e lsx = / dsdta*{-t, - s ) e - ms e itp e isx = é hd ^A*{x,p) . (23) 
-OC J — OO 

This implies that an operator is hermitian if and only if 

A*(x,p) = e- iHd ' d "A(x,p) . (24) 

In what follows we shall often encounter situations where the operator A is a function of x or p only. It is therefore 
worthwhile to consider this situation briefly. Consider the case where A{p). From (|18|l we have 

<*(*> s ) = ^(U(t, s),A(p)) = ^-tr(e-^e-^A(p)) = S(s) j ^A(p)e~^ . (25) 

Substituting this result in 1)20(1 we note that the function A(x,p) corresponding to the operator A(p) is just A(j>), i.e., 
we just replace the momentum operator by a real number. Clearly, the same argument applies to A(x). 

An approach related to the one we discuss here was developed in [T(Íj|. although in that case the position and mo- 
mentum operators are used as a basis to expand the operators. Compared to the present approach, the unboundedness 
of the position and momentum operators complicates the proof of completeness. Secondly, the product rule of these 
operators is not as simple as that of the Weyl àlgebra. This complicates the implementation on the level of classical 
variables. The current approach therefore seems to be more genèric. 



III. MÈTRICS FROM MOYAL PRODUCTS 



For a variety of reasons it may turn out that the Hamiltonian, H, of a system is not hermitian with respect to 
the inner product on the Hilbert space under considerations. This was realized some time ago in the context of the 
bosonization of fermionic systems [lïl lï^ and more recently in the context of PT-symmetric quantum mechanics 0] . 
The important point to realize is that although the Hamiltonian may not be hermitian, it is not necessarily unphysical. 
Indeed in the case of bosonization full equivalence with the hermitian fermion problem follows from construction by 
(non-unitary) similarity transformation, including reality of the spectrum. Similarly all PT-symmetric Hamilatonians 
have a real spectrum when PT-symmetry is not spontaneously broken Q. The central question is then whether a 
consistent quantum mechanical interpretation remains possible. This was answered in where it was pointed out 
that a normal quantum mechanical interpretation is possible if a mètric operator exists which has as domain the 
whole Hilbert space, is hermitian, positive defmite and bounded, and satisfies the equation 

HO = OHÏ . (26) 

Once the existence of such an operator has been established, a new inner product can be defined with respect to which 
the Hamiltonian is hermitian and a Standard quantum mechanical interpretation is possible. However, as was pointed 
out in , also discussed in 0, Q , the condition l|2()|l is not sumcient to fix the mètric uniquely, which implies that the 
quantum mechanical interpretation based on this mètric, and associated inner product, is ambiguous. The mètric is 
uniquely determined (up to an irrelevant global normalization) if one requires hermiticity of a complete irreducible 
set of observables, Ai (of which the Hamiltonian may be a member), with respect to the inner product associated 
with O, i.e., it is required that l|26|l holds for all observables 0: 



A,& = QA] Vi 



(27) 
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From this point of view, the choice of observables determines the mètric and Hilbert space of the quantum system 
uniquely. 

One may take an alternative point of view by arguing that if a mètric, satisfying (|2fi[l . can be found, a particular 
choice of mètric determines the allowed set of measurable observables. This is the spirit of PT-symmetric quantum 
mechanics. 

Irrespective of the particular point of view, for applications it is important to be able to solve the dehning equation 
(12711 in order to investigate its implications and the role of the non-uniqueness. As this is a highly non-trivial problem, 
partially addressed in |3j], several recent papers addressed this issue from several viewpoints |2u5Lll3|. Here we present 
a new approach to this problem, based on the Moyal product, in which (|27|l is no longer an operator equation, but is 
transformed into a differential equation for the function <d(x,p), as defined in (|20|) . 

Let us consider the defining equation 127fl on the lcvel of the Moyal product formulation. On this level the observables 
Aí, their hermitian conjugates A\ and the mètric operator O get replaced by functions Ai(x,p), A\(x,p) and Q(x,p) 
as prescribed in (|20|l . Note that Ai(x,p) and A\(x,p) are related as in l|23|) . In terms of these functions the dehning 
relation f?7jl reads 

A t {x,p) * e(x,p) = G(x,p) * A\(x,p) . (28) 

We start our analysis of this equation by considering the simplest case where we require that x and p are hermitian 
observables. In this case the equation l|28|l simply becomes Q^ 1,0 ' (x,p) — Q^ 0,1 \x^p) = 0, i.e., the mètric is just a 
constant. This simply reflects the following facts: (1) that x and p form an irreducible set, which implies that the 
mètric is uniquely determined up to a global normalization factor and (2) that we have chosen x and p hermitian 
from the outset (insisting on unitary representations of the Heisenberg-Weyl àlgebra) , so that it must be proportional 
to the identity (the original inner product corresponds to = 1). 

To proceed it is convenient to choose a particular model. For this purpose we take the PT-symmetric model with 
Hamiltonian 

H(x,p) = f + igx 3 . (29) 

Here we consider the Hamiltonian to be one of the observables and leave the other possible observables unspecified. 
We expect that this may lead to non-uniqueness of the mètric. This may, however, be informative as the precise origin 
of this non-uniqueness may provide an alternative viewpoint to the existing one that requires the specihcation of a 
complete set of observables in order to fix the mètric uniquely. On the level of the Moyal product this Hamiltonian 
gets replaced by the function (it is a sum of functions depending on p and x only) 

H(x,p) =p 2 + igx 3 , (30) 

while the mètric becomes a function Q(x,p) as defined in J2DJ. For the Hamiltonian equation (|27|) now reads 

H(x,p) * Q(x,p) = Q(x,p) * H*(x,p) . (31) 

Note that in this case the hermitian conjugate of the operator gets replaced by the complex conjugate of the function 
H(x,p), i.e., H'(x,p) = H*(x,p). It is simple to see that this is a genèric feature of functions (or the sum of functions) 
that depend on x or p only, as there is no phase due to the exchange of the operators e 1 *^ and e tsx (see (1251) ). 

Before proceeding a few comments on (|31f) and its relation to Wigner functions are in order |20|. When the Hamil- 
tonian is hermitian, which, for Hamiltonians of the form H = p 2 + V(x \ im plies that the function H(x,p) is real, 
equation (fÏÏTJl is the condition for a stationary Wigner function 0, EïEJ and &(x,p) indeed coincides with the 
Wig ner function of a mixed state with equal weights assigned to the pure states as we take 8 = 1 in this case 
|16j . Let Pe denote the projection operator on an eigenstate of the Hamiltonian with eigenvalue E. Project- 
ing the mètric operator O onto this eigenstate, i.e., Qe = PeOPe, it follows from (|26|l that [H, Qe] = and 
HQe = QeH = EQe- On the level of the Moyal product this reads H{x,p) * &e(x,p) — &e(x,p) * H(x,p) and 
H(x,p) * Qe(x,p) — Qe(x,p) * H(x,p) — EQe(x,p). The latter is the 'star-genvalue' equation of [121 . I n this case 
Qe corresponds to the Wigner function of a pure state. In the hermitian case, therefore, the mètric corresponds to 
the Wigner function of a specific mixed state, while the projected mètric corresponds to the Wigner function of a pure 
state. In this regard, note that since the pure state Wigner function corresponds to the projected mètric, it cannot 
conform to the defining properties (positive definiteness) of the mètric, which necessarily corresponds to the Wigner 
function of a mixed state with all pure state probabilitics non-zero. For this rcason, from a mètric point of view, 
one does not study the 'star-genvalue' equation, which is only satisfied by pure state Wigner functions, but just the 
stationarity condition (|3l·|) which also applics to mixed state Wigner functions. 

In the non-hermitian case, not considered previously from the Wigner function point of view, there is a strong 
analogy between the mètric analysis here and Wigner functions, but there are also crucial differences, both on the 
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technical and conceptual levels, that need to be pointed out. Firstly, the equation l|31[) is no longer a commutator 
equation and can not simply be interpreted as a stationarity condition. Secondly, the 'star-genvalue' equation has to 
be generalized, through the introduction of appropriate left and right projection operators, to H(x,p) * @e(x,p) = 
EQe(x,p) and &e(x,p) * H*(x,p) — E*Qe(x,p), taking into account that the eigenvalues may now be in general 
complex. Thirdly, it has to be noted that in the hermitian case the momentum integral of the Wigner function 
provides a probability distribution. Here this is no longer necessarily the case, i.e., this integral may be negative or 
even complex. This is precisely the aim of the present approach, namely, to establish the existence and construction 
of a new inner product which does admit a normal quantum mechanical interpretation, given that the Hamiltonian 
and other observables are non-hermitian. Fourthly, the mètric is actually defined with respect to a complete set of 
observables (see (J3SJ), which is conceptually quite distinct from the Wigner function approach. Finally, as in the 
hermitian case, the mètric must be, from a Wigner function point of view, related to a mixed state with all pure state 
probabilitics non-zero. For this reason one has to focus on equation (|3l·|) and not the corresponding 'star-genvalue' 
equations, applicable to pure states only. 

Rcturning to equation jSJ) , we note that since H(x,p) is polynomial, the Moyal product truncates and one obtains 
the following diffcrcntial equation for 0(x,p): 

2igx 3 Q(x,p)-3ghx 2 9 (oa) (x,p) - 3 z gfi 2 x 9 (0 ' 2) (x, p)+gh 3 9 (0 ' 3) {x,p)-2ihp 6 (1 ' 0) {x, p) + h 2 6 (2 ' 0) (x, p) = . 

(32) 

To simplify the equation, the notation O^™'" 1 ) = q„ x qJ? has been introduced. This is an exact equation, vàlid to all 
orders in the coupling strength g and fi. Note that since no boundary conditions have been specified, the solution is not 
unique. On the level of the Moyal products the non-uniqucncss of the metric therefore resides in the freedom to specify 
the boundary conditions in Ij32|l . It should, however, be noted that the boundary condition that is to be imposed on 
(|32H can not be arbitrary as the solution has to conform with the conditions of hermiticity and positive definiteness of 
the metric. Keeping in mind that the metric is uniquely specified once a complete set of observables, hermitian with 
respect to the inner product associated with O, is identified, suggests an interplay between the boundary conditions 
imposed on l|3*2*|) and the choice of physical observables on the operator level. In this regard, note that a choice of 
boundary conditions that does not admit a solution conforming to hermiticity and positive definitess, constitute an 
inconsistent choice of observables and subsequently an inconsitent quantum system as was pointed out in 3J. On 
the other hand, if an appropriate choice of boundary conditions, which fixes the metric uniquely, is made, both the 
Hilbert space and allowed observables in the quantum theory are uniquely determined. The allowed observables can 
indeed be computed by solving (|28J) for the observables once the metric has been determined. In this case each choice 
of boundary condition corresponds to an admissable observable. 

The first issue that can be addressed directly from this equation is the existence of an hermitian metric operator, 
O, as required by the definition of the metric operator. Equation H32|) is clearly linear and of the form LO(x,p) = 0, 
with L a differential operator. Using e ~ lhd ^ d v x ghd*a v _ x _ jfoQ^ anc j e -ihd x d p p^hd^dp — p _ i%g xj one easily 
verifies e - lhd * d p Le lRd:cdp = — £*, so that L*e~ lhd:c9p Q(x,p) = 0. On the other hand the complex conjugate of 
reads L*Q*(x,p) = 0. Provided that the boundary condition imposed on (|32[) also satisfy l)24f) . uniqueness of the 
solution í (|32|l is linear) implies Q*(x,p) = e~ l·hdxdp Q(x,p). Thus, provided that the boundary conditions imposed 
are consistent with l|24f) . the solution of l|32|) . when employed to construct the metric operator as described in the 
previous section, will yield an hermitian metric operator. 

Before proceeding to discuss particular solutions of l|32(l it is useful to consider the general properties such solutions 
must have. The first property we note is that if Q(x,p) is a solution (not necessarily corresponding to an hermitian 
and positive definite operator) of (|32|l . or equivalently (|31ll . thcn for arbitrary functions f(H(x,p)) and g(H^ (x,p)) 
the following is also a solution: f(H(x,p)) * Q(x,p) * g(W (x,p)), where the functions / and g are defined through a 
Taylor expansion involving the Moyal product. This is most easily checked directly on the level of equation l|31|l using 
the associativity of the Moyal product and the fact that f(H) * H = H * f(H) and g(H^) * = * g(H^). This is 
merely a reflection of the non-uniqueness of the solution of l|32f) . which has to be eliminated through some appropriate 
choice of boundary conditions. As was pointed out earlier the boundary conditions can not be completely arbitrary, 
but it must conform with hermiticity and positive definiteness. This does, however, not eliminate the freedom in 1- i 2li 
completely and more input is required in the form of boundary conditions. Indeed, one can easily verify from l|31|l . 
associativity and the relation l|23|l that if 0(x,p) is a solution corresponding to an hermitian and positive definite 
operator, so will g(H(x,p)) * ®(x,p) * é ihdxd *' g(H(x,p))* . 

Using the above properties it is in fact possible to construct a very general solution to l-'il'l) . The first point to note 
is that e 2lx P/ h solves (|32fl . although it does not satisfy the criterion for hermiticity. As above one can now construct 
a wide class of solutions from this one, also not generally satisfying the criterion of hermiticity. It is in fact possible 
to construct a solution which does meet this criterion. To do this note that e~ 2lxp / h solves the complex conjugate 
of (|221) - Using the property e ihd * d p L*e~ ihdxdp = -L, one easily verifies that e in d*d Pe - 2ix p/ n solves (|2ÍJ). Due to the 
linearity of l|32|l it then follows that ae 2lx P/ h + a * e ihd x d p e ~2ixp/h ^ w j iere a j s an arbitrary constant, is a solution which 
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also satisfies l)24[l. i.e., it corresponds to a hermitian operator. This method of constructing a solution conforming to 
hermiticity is indeed very genèric. As above a wide class of solutions, satisfying the criterion of hermiticity, can now 
be constructed similarly. However, these solutions do not have the required asymptotic behaviour when g approaches 
zero (where they are supposed to reduce to a constant - see the discussion below an d we do not consider them 

further. 

Solutions with the correct asymptotic behaviour can be constructed by resorting to a series representation in g for 
the solutions of l|32|) . This also allows us to make contact with existing literature in which a series expansion was 
used |5|]. Once the solution has been found, albeit as a series, the criterion l|24[l can be used to test for hermiticity 
and positive definiteness. 

We list the result to 0(g) below, as the expression becomes rather elaborate at higher order, but in principle it is 
quite simple to compute the result to any order desired: 

2 i p x a / \ 2 i p x , . 2 i p x __ Q 2 i p x -j- 2 9 / \ 

. — 21 i e s g fi cl(p) ie" ncl(p) 21e~ gn xcl(p) ie - » gn x clyp) 

{X,P} = Ï6^ 2~p 8^ + 8p~ 4 + 

' gh x 3 clip) , . 3igh 2 xc2(p) 3ghx 2 c2(p) igx 3 c2(p) gx 4 c2(p) ie *~£ ghc3(p) 
—73 +c2 ^) + TZs —2 + ~^TZ KZ + 



Ap 3 4p 4 ip 3 2p 2 4np 2p 

21i€^ L gn 4 cl'{p) 21 g Ti 3 x cl' (p) 9 i g h 2 x 2 cl'(p) ghx 3 cl'(p) 

9 [P) + ïíp + 8^ p Ip~ 2 

Zigh 2 xc2'(p) 3ghx 2 c2'(p) igx 3 c2'(p) 9 i g Ti 4 cl"(p) 9 g h 3 x cl" {p) 

4^3 + 4^2 + ^ Ï6P 4 Sp 3 + 

íe^P gh 2 x 2 cl"{p) 3igTi 2 xc2"{p) Zghx 2 c2"{p) ie^ gh 4 cl^(p) 



8p 2 4p 2 4p 

gh 3 xcl (3 \p) igh 2 xc2 ( - 3 \p) 



4p 2 2p 



O(g'). (33) 



This is the most general form of the solution where cl(p), c2(p), c?>{p) and cA(p) are completely arbitrary functions of 
p. These functions are, however, restricted if one requires that the expansion l|33|) satisfies the hermiticity condition 
(|2"Hl . Indeed, one can quite easily see that c2{p) and c4(p) must at least be real. Here we do not pursue the most 
general solution, but rather focus on a particular choice of integration constants for which this expression simplifies 
considerably. Setting cl(p) = 0, c2(p) = 1 (this brings about only a global normalization) , c3(p) = and c4(p) = 
one finds to O(g) 

/3ih 2 x 3hx 2 ix 3 x 4 \ , N 

e( ^ p) - 1+ H^"^"v + ï^J- (34) 

This result agrees with the result in [í| when the different normalization of the kinetic energy term, accounting for 
the factor of i, and the different convention for the definitions of the mètric (see (12611 which brings about a complex 
conjugation, are taken into account. With this choice of boundary conditions, even the higher order term simplifies 
considerably and one easily finds to 0(g 3 ) (setting any further integration constants zero) 



&(x,p) = 1 



3ih 2 x 3hx 2 3 



IX X 



ip 4 Ap 3 2p 2 4:Tip / 

2 /108ih 5 x 108h 4 x 2 57ih 3 x 3 21h 2 x 4 6ihx 5 11 x 6 ix 7 | x s 
9 \ P 9 P 1 P 7 + ~~P & + ~~P 5 ~&P 4 ~ ~ 4fi^3 + 32 h 2 p 2 

3 / 29872557 i h s x 29872557 Ti 7 x 2 7676559 ih 6 x 3 5395599 h 5 x 4 727299 i h 4 x 5 



V 256p 14 256 p 13 128p 12 256 p 11 128p 10 

x 



159489 ?i 3 a; 6 14679 i frV 9207 hx s 615 ix 9 343 a; 10 3 ix 11 - 12 



0(g 4 ) 



128 p 9 64p 8 256 p 7 128p 6 640 Tip 5 Mh 2 p 4 384 ?i 3 p 3 , 

= l + ga + g 2 b + g 3 c + 0{g 4 ). (35) 

Note that Q(x,p) is singular in h. Indeed, one easily establishes that this is an essential singularity (of the type e a ^ h ), 
so that, not surprisingly, the mètric does not exist at the classical level. 
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Next we consider the issue of positive dcfinitencss of 9. For this one has to show that the logarithm of O is also 
hermitian. Let us compute the logartihm of from (|35[1 . To do this, we must keep in mind that in order to reflect 
the operator character correctly, the logarithm must be computed using Moyal products. One easily finds to 0(g 3 ) 



_., . 1 . 2l o . o /, a*a\ ( a*a*a a*b + b*a\ 
(log©)(x,p) = log(l + ga + g 2 b + g 3 c) = ag + g 2 (b - — J + g 3 lc + J 



(36) 



Due the polynomial nature of the functions a, b and c in x, the Moyal products truncate and can be evaluated easily 
to yield 

,'3ih 2 x 3hx 2 ix 3 

(loge)0,p) 



!J 3 



4p 4 Ap 3 2p 2 Afip / 
-2745171 iffx 2745171 h 7 x 2 677457 i h 6 x 3 439857 h 5 x 4 52029 ih 4 x 5 



256p 14 256 p 13 128p 12 256 p 11 128p 10 

9375 h 3 x 6 65íih 2 x 7 273 hx 8 5 ix 9 x 10 



128 p 9 64p 8 256 p 7 64p 6 320 hp 5 



(37) 



Note that the second order term vanishes with this choice of boundary conditions Q . 

Finally, we check the hcrmiticity of log©, i.e., we have to verify if 124fl holds. Clearly this must happen order by 
order in g. It is easily verified from (|37|l that this is indeed the case up to 0{g 3 ). We have now verified, at least on 
the level of the series expansion, that both the mètric and its logaritm is hermitian, implying that O is also positive 
defimte. 

As a final example we consider the following Hamiltonian, which has often been discussed in the context of non- 
hermitian Hamiltonians. In second quantized form it reads 

H = huja^a + Tiaaa + h/3a/a' . (38) 

A finite dimensional version of this model was studied in Q and more recently this model was studied in 0, . 
This can be rewritten in terms of x and p in the usual way by setting a 1 = (x — ip)/\f2h and a — (x + ip)/\/2h. 
Suppressing irrelevant constant terms, this yields 

H = ap 2 + bx 2 + icpx , a = {lü - a - /3)/2, b = (lü + a + /3)/2, c = (a - j3) . (39) 

On the level of the Moyal bracket formulation this becomes 

H(x,p) = ap 2 + bx 2 + icpx; H'(x,p) = ap 2 + bx 2 — icpx + ch . (40) 

Substituting this in (|31() yields the equation for the mètric 

c(h — 2ipx) Q{x,p) 

+h í(cp-2ibx) (O4) (a;,p) + (cx + 2i ap) (1 ' a) (x,p) + bhQ^°' 2 \x,p) - ahe^ 2 '°\x,p)^ =0. (41) 

As before one easily verifies that the solution of this equation satisfies (|24|l . provided that appropriate boundary 
conditions are imposed, which confirms that the mètric operator constructed from this solution is hermitian. 
In this case one can find an exact solution to l|41l) as a one parameter family of mètrics, given by 

&{x,p) = e rp2+spx+tx \ (42) 

where 



: ± Jc 2 - AabTis I2i - %s) c ± J c 2 - AabTis (2i - hs) , , 

.*= ~ 7T^ "» ( 43 ) 



Abh ' Aah 

s being a free parameter. Once this solution has been found, a large class of solutions can be constructed as was 
pointed out earlier. 

For an arbitrary choice of s the solution (|42(l does not have the required asymptotic behaviour in the limit of a 
hermitian Hamiltonian, i.e., when c = 0. In this limit the mètric should coincide with that of the original inner- 
product for which = 1. The correct asymptotic behaviour can be obtained with appropriate choices of s. As a 
first example, consider the choice s — 0. With this choice r = and t = 5% or r = — ^ and t = 0, depending 
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on the solution taken in Q43J1. Since a, b and c are real, the condition l|24(l is trivially satisfied in both these cases 
and the mètric is hermitian. To show positive dcfinitcncss one has to verify that the logarithm of the mètric is 
hermitian. In the Moyal product formulation this implies that one has to find the function corresponding to the 
logarithm of the mètric operator and verify that it satisfies l|24l) . i.e., one has to find the function rj(x,p) such that 
1 + 77 + 5j?7 * r\ + -gy 77 *?7*?7*+... = 0. In this case it is, however, obvious that the Moyal product reduces to an 
ordinary product so that the function corresponding to the logarithm of the mètric operator is simply the logarithm 
of (|42fl . which is —cp 2 /2bh or cx 2 /2ah, depending on the choice of solution in (|43[1 . This trivially satisfies <|24[1 so 
that the mètric is positive definite, although not necessarily bounded. 

The choice s = made above is but one of an infinite family that yields the appropriate asymptotic behaviour of the 
mètric when c = 0. Indeed, it is easily verified that the following choice, where e 2 < 1, also satisfies this requiremcnt: 

* = 1(1 - V /r +íí)' y ÍeldÍn S r = ' CWC2( 4 1 fc 7 2SSn(a '' )) and t = ^fígf^W) . The hermiticity and positive 
definiteness of this mètric can now be verified from a series expansion of this solution in c. As the technical steps are 
identical to the computation in the previous example, we do not repeat them here. 

IV. CONCLUSIONS 

We have shown how the Moyal product can be used to compute the mètric for a given non-hermitian Hamiltonian. 
The verification that the mètric is hermitian and positive definite can be carried out directly on the level of the 
Moyal product formulation, without refering to the operator level. We have carried through this program for two 
Hamiltonians, both of which possess PT-symmetry. These considerations can also be applied to finite dimensional 
models as those studied in 3], by using the finite dimensional formulation of the Moyal product, where, essentially, 
h — *■ i?. An interesting new perspective that arises from this formulation is the relation between the choice of 
observables and boundary conditions imposed on the mètric equation, as formulated in terms of the Moyal product, 
both of which give rise to a unique mètric. 

Finally we mention that these considerations generalize to many types of operator equations such as l|2tj[l . Other 
examples that will be discussed elsewhere involve the computation of the Berry connection 18] and the implementation 
of Wegner's flow equations 0] . 
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